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Abstract 
The mathematical model of contaminant migration with the Langmuir isotherm equation to describe nonlinear 
equilibrium sorption in porous medium was developed in the present paper. The model was deduced based on the 
migration mechanism of pollutants in pore water of soil and the mass conservation. The two dimensional finite 
element models of the governing equations were discretized with the Full Upwind Petrov-Galerkin method (FUPG), 
and the nonlinear algebraic equations were received, and the program of the present finite element model was 
developed to solve the equations. Numerical simulations were carried out with the present model. The benchmark of 
1D clay column was numerically analyzed, the influence of nonlinear equilibrium sorption on the transportation was 
studied. A two dimensional problem of the long term contamination transportation was analyzed. The numerical 
results show the stability of the current model and the ability of the program to analyze the contaminant 
transportation of nonlinear equilibrium sorption in clay, and the delay of absorption on the contamination 
transportation are exhibited. 
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1. Introduction 
Most of the solid waste of city living and industry is treated by landfill. The leachate of garbage 
landfill contains lots of contaminants which are dangerous to the groundwater and surrounding soil. Solid 
particles of soil could adsorb the contaminants dissolved in pore fluid, and the flow velocity of pore water 
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in soil is relatively slow, once pore water is polluted, it is difficult to clean. Therefore, it’s important to 
study migration of contaminants in soil. Migration of contaminants in the soil is a complex convection-
diffusion-geochemical reactions [1- 2] process. 
The application of traditional Galerkin method to solve the convection-diffusion problem in soil will 
lead to unstable solutions and numerical oscillations. These oscillations have an amplitude with the 
increasing convective character of the problem. 
Many scholars have proposed a variety of methods to avoid numerical oscillation. Brooks and Hughes 
proposed Streamline Upwind Petrov-Galerkin Method (SUPG) [3]. SUPG has space upwind weighting 
functions to avoid numerical oscillation. Yu and Heinrich [4] have proposed weighting functions which 
contain time and spatial upwind term. The method is called Full Upwind Petrov-Galerkin Method 
(FUPG). To solve the convection-diffusion equation of soil, Radu [5] developed the Full Upwind Petrov-
Galerkin Method, Li and Wu [6] developed the characteristic finite element model. In these models the 
linear adsorption models are selected. However, experiments [7-8] showed that the adsorption on metal 
ions and fearing water organic matter of soil are always nonlinear. 
In the present paper, the Langmuir isotherm equation is selected to describe nonlinear equilibrium 
sorption. The mathematical model of contaminant migration in porous medium is developed basing on the 
migration mechanism of pollutants in porous medium and the conservation of mass. The finite element 
model of the governing equations is deduced based on the Full Upwind Petrov-Galerkin Method (FUPG) ,  
and the program of the model was developed. 
2. Mathematical model 
2.1. The governing mechanism 
Convection, molecular diffusion and mechanical dispersion are the main factors of contaminant 
transportation in soil. Adsorption, degradation and immobile water will influence the distribution of 
contaminants and delay the migration [6]. 
Convection flow of pollutants: 
 c m wc vJ  (1) 
where wv  is the convective velocity of pore water. The mechanical dispersion and molecular diffusion 
effects are rallied in one term as hydrodynamic dispersion 
  h m d hc c    J D D D  (2) 
where ,m dD D hD are molecular diffusion, mechanical dispersion and hydrodynamic dispersion tensor 
respectively. 
Experiments showed that soil has nonlinear adsorption effect on metal ions and fearing water organic 
matter. In the present paper the Langmuir isotherm adsorption is adopted to describe sorption on the solid 
to pollution: 
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where: 1K is the adsorption strength. 2K  is the adsorption capacity. 
2.2. Governing equations 
Considering the basic pollutants transport phenomena, we can establish the mass conservation 
264  LIU Zejia et al. / Procedia Earth and Planetary Science 5 (2012) 262 – 267 Author name / Procedia Earth and Planetary Science 00 (2011) 000–000 3 
equations of pollutants in mobile water and solid skeleton of soil: 
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where: mc is concentration in mobile water. s , m are volume proportion of solid and mobile water. 
s , w  are density of solid and mobile water.
s
mf  is mass of pollutant going to the solid. 
Substituting (3) into (5) gives: 
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Substituting (6) into (4) gives: 
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We can see that dmR  depends on mc . 
3. Finite element model 
The weak form of the governing equation is received with FUPG method: 
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We also introduce the space discretisation by the four-node plane isoparametric element: 
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The weight functions are proposed by Yu C.C and Heinrich J.C [4]: 
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where: 
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where l is the characteristic length of the element. ,  are upwind coefficients. 
After the finite element discretization, the nonlinear equations are received: 
   mK c f  (14) 
where,  K  is the stiffness matrix which is related with nodal value  mc .The Newton-Raphson 
iteration is adopted to solve the nonlinear equations in program of the present paper. 
4. Numerical examples 
4.1. An example of one-dimensional pollution migration 
There is a soil column which is 30m length and 1m wide [6]. The soil column is divided into 30×1 
uniform four-node isoparametric elements. A Gaussian concentration distribution whose center is located 
in x=5.0m with initial unit amplitude as Figure 1. A constant velocity field with vwx=1 in the soil column 
is imposed. Dm=0, the longitudinal dispersivity aL =0.5, the transversal dispersivity aT =0. 
Compare the following three cases for the calculation: ①K1=0.5 and K2=0.5；②K1=5 and K2=0.5；
③K1=0.5 and K2=5. As shown in Fig. 1, the transportation of contamination was affected obviously with 
the nonlinear sorption described with different adsorption parameters, peak value of x=13m was delayed 
because of the sorption. The solution of this example with the present model is stable with Pe=2. 
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(a) Concentration at t=20s                                                      (b) concentration at x=13m 
Fig.1. the influence of K1 and K2 to concentration distribution 
4.2. An example of two-dimensional pollution migration 
There is clayey soil body which is 10m length and 20m wide. Finite element mesh and boundary 
conditions are shown in the Fig. 2. There is a constant horizontal velocity field with vwx=6.3×10-8m/s in 
the soil, Dm=3.0×10-8m2/s. There is a constant concentration on the left top boundary of 2.8m width. To 
study the effect of nonlinear sorption on the transportation of contaminant in pore water of soil, different 
adsorption parameters are selected. There are two cases for the calculation: ①K1=0.11 and K2=1；
②K1=0.11 and K2=12.87[9]. The concentration distribution of 1800d was exhibited in Fig. 2. The 
numerical results show that the solution is stable. With K2 increasing, the migration of contaminant is 
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delayed because of the adsorption on the contaminant is reinforced, which suggest that K2 is the controls 
parameter of pollution migration in clayey soil because of sorption. 
 
Fig. 2 The mesh and the boundary condition 
 
                            (a) K1=0.11 and K2=1                                                                (b) K1=0.11 and K2=12.87 
Fig. 3 The concentration distribution of 1800d 
5. Conclusion 
Based on the law of mass conservation, the mathematical model of pollutants migration in porous 
media with nonlinear adsorption is developed in the present paper. The finite element mode is developed 
for the current model with FUGP method. The program was code for the present model. The numerical 
simulation with the program is carried out, and the numerical results showed the stability and the 
capability of the current model to simulate the convection-diffusion transportation of contaminant in soil. 
Meanwhile, we get some conclusions about the effect on Langmuir isotherm adsorption to pollutants 
migration. When K1 or K2 increases in the 1D example, it can enhance the adsorption capacity of soil 
particles to pollutants and decrease the concentration of pollutants in the mobile water. As a result of it, it 
can slow down the pollutants migration. Compared with K1，K2 has a greater influence. With K2 
increasing in the 2D example, the migration of contaminant is delayed. It was shown that K2 is the 
controls parameter of pollution migration in clayey soil. 
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